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TOPICS 
 

• Linear Transverse Cooling Dynamics 
 Penn & Wurtele (PRL), Kim & Wang (PRL), Kim & Wang (MUCool) 

 

 

• Orbit Stability and Energy Acceptance 
 Wang & Kim (MUCool) 

 

 

 



 

SOLENOIDAL FOCUSING 
 

 

 

 

 

 

 

B(s):  solenoidal field on s-axis 

Simplest 3-D field satisfying 0,0 =×=⋅ %% ∇∇  
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EQUATION OF MOTION  
• Lab frame: 
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• Larmor frame: 
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ENVELOPE EQUATIONS IN LARMOR FRAME  
Phase space variables:  { } { }y,x,y,x, ′′=′[[  
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EVOLUTION OF "L ATTICE FUNCTIONS" 
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R.H.S. are small! 

 ⇒   0
4

1
1

2

1 2
2 =




 β′
+

β
−βκ+β ′′  



 

EVOLUTION OF "B EAM " PARAMETERS : 
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General Solution: 
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PERIODIC COOLING CHANNELS 
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COMPARISON OF TRANSVERSE EMITTANCE (COOLING FACTOR ) 
CALCULATIONS FOR MUON COOLING CHANNELS  

 3.4T FOFO (1) 3.4T FOFO (2) DFOFO 

ε∞ 0.19 0.27 0.080 

ε(mλ) 0.21 0.34 0.095 

ICOOL 0.22 0.34 0.10 

DPGeant 0.24 0.37 N/A 
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COMPARISON OF COOLING PERFORMANCE CALCULATION  



 

 

20 40 60 80 100 120

5´ 10 -6

0.00001

0.000015

0.00002

0.000025

0.00003

0.000035

CANONICAL ANGULAR MOMENTUM IN A FOFO CHANNEL  



 

ANGULAR MOMENTUM MODIFIES NEUFFER EQUATION ! 

   

 

 

 

 

Equilibrium Emittance: 
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MINIMUM EMITTANCE FOR SINGLE FLIP  
 

Constant magnetic field 

 κβ = 1,  )�→ ∞ 

 ε(m) → m (linearly divergent) 

 
Minimum emittance for ε∞ << ε(0) 
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Single Flip Cooling Channel:  Principle 
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���Single-Flip Matching Section

-changes Larmor center and 
   radius for all particles

:

Solenoid Axis

on axis Cooling Section #2: B = +5Ton axis
-Cools Pt (rms) and beam radius (rms)-Cools Pt (rms),

Cooling Section #1: B = -5T
   beam radius ~unchanged

B Field Line

 
Figure 2:  Particle Motion Cartoon in the Single Flip Channel 

 

 

Jocelyn Monroe.  FNAL 

COOLING CHANNEL #1 
L = 50m, B (on axis) = -5T COOLING CHANNEL #2 

L = 100m, B (on axis) = 5T 

MATCHING SECTION 
L = 2.47 m, Single Field Flip 

Figure 1:  Schematic Layout of the Single Flip Channel 



 

 COMPARISON OF FOFO AND SINGLE -FLIP COOLING CHANNEL  



 

HILL 'S EQUATION  
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κ2(s) = θ0 + 2θ1 cos 2s + 2θ2 cos 4s + …;          2
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G.W. Hill "On the Part of the Motion of the Lunar Perigee 

 which is a Function of Mean Motion of Sun &  

 Moon"  (1886) 

Whittaker & Watson 

Magnus & Winkler 



 

STABILITY CRITERIA  
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FOFO 
B(s) = Bo sin s 

B2(s) = Bo
2  (1 - cos 2s) 

θ0 = θ1  →  "maximally unstable" 

 

To reduce θ1 

B(s) = B0 (sin s + a sin 3s + …) 

B2(s) = B0
2 (sin2 s + a2 sin 3s + 2a sin s sin 3s + …) 
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V. BALBEKOV ’S FAST-FLIP COOLING CHANNEL  



 

 

At 200 MeV, {κ0, κ1,...,κ14} = 
{3.8186, -0.0039, -0.0047, -0.0060, -0.2239, -0.3203, -0.3345, -0.2976, 
               -0.2383, -0.1759, -0.1212, -0.0783, -0.0477, -0.0272, -0.0146} 

RESONANCE SUPPRESSION IN V. BALBEKOV ’S CASE 



 

APPLICATION TO G. PENN’S SUPERFOFO EXAMPLE  



 

LEARNING TO OPTIMIZE (MINIMIZE ) 
BETA FUNCTION  
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• Minimize L 

• Large phase advance ψ 
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• Large θn to cancel 1 

 

*All these within the stability limit! 
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V. Balbekov fast field flip channel at P=300MeV 
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SuperFOFO example of G. Penn at P=200 MeV 

approx. 


